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Introduction



Inflation

Inflation, characterized as quasi De Sitter
expansion, can naturally solve the problems of
the standard big bang cosmology.

® The horizon problem
® The flatness problem
® The origin of density fluctuations

® The monopole problem
o ..



Generic predictions of inflation

® Spatially flat universe

® Almost scale invariant, adiabatic, and
Gaussian primordial density fluctuations

® Almost scale invariant and Gaussian
primordial tensor fluctuations

‘ Generates anisotropy of CMBR.



Observations of CMB anisotropies

Planck TT correlation :
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Our Universe is spatially flat !
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— Causal seed models

| Superhorizon models

(adiabatic perturbations)

Unfortunately, primordial tensor perturbations have not yet been observed.



What happened before inflation ?
and/or

How did the Universe begin ?



ook back to the past of the Universe

It Is often claimed that, if cosmic time goes back to the past,
the energy density gets larger and larger,
and it eventually reaches the Planck density.

So, unless one completes quantum gravity theory,
one cannot discuss the state at the extremely early stage
(or even at the onset) of the Universe.

" Fora perfect fluid: Ty = (p + P) upUy — Guuv

4 The homogeneous and isotropic (Friedmann) Universe:

. ds® = —dt® + a2(t)fy,[,;jda;'idmj

=) o= —-3H(p+p).

Aslongas p +p = O (and H > 0 for the expanding Universe)

== p < 0.




Null energy condition (NEC)

Tuyfu glj Z O for any null vector &".
(9u€rE” = 0)

This Is the weakest among all of
the local classical energy conditions.

For a perfect fluid : Tur = (p + p) upty — guvp
) NEC © p+p>0

As long as the NEC Is conserved,
the Universe cannot start from a low energy state.



How robust Is the NEC ?

® Canonical kinetic term with potential:

1
L= _ngjauqbavqﬁ — V().

1.
po= 50+ V(e) .5
‘{p e v m) ,+p=4°>0.
(NEC is conserved)

® How about k-inflation ?

1
L= K(¢7X)a X = _EQHV8M¢8V¢'

=) {;

w77 mmmp pt+p=2XKx.

(KX = 8K/8X)

Apparently, it looks that, if Kx <0, it can violate the NEC.
But, this is not the case.



Primordial density fluctuations

Garriga & Mukhanov 1999

" Perturbed metric :

ds® = —(1 + 2a)dt? + 2a°9;Bdtdz" + a’eSdx?
Comoving gauge :

L ¢ = ¢(t), dp=0.
Prescription:

f
® Expand the action up to the second order

< @ Eliminate aand by use of the constraint equations

_ @ Obtain the quadratic action for ¢

2
2 € : C
> G = /dtd‘gfv a’ Méc—z (<2 — a—SQC,kC,k)
S

H XKy 5 Kx (sound velocities of

= , @ .
H2  MZH? S Ky +2XKyy curvature perturbations)

€= —

In order to avoid the ghost and gradient instabilities, £ 0 & cs? > 0.

(Hsu et al. 2004)

- p _I_ p — QXKX > O. (See also Dubovsky et al. 2006)



Stable violation of the NEC

It Is impossible to break the NEC stably within k-inflation.

(6= KX, X=-3¢"a000)

‘ One may wonder how about introducing higher derivative terms.

Ostrogradski’s theorem :

Assume that L = L(q, dot{g},ddot{q}) and (;Z depends on ddot{q}: (Non-degeneracy)

OL d [OL d? (8L L
Fq_?(aﬂ +d2t(afi) =0, = ¢ =¢"((q44q).

This system always leads to ghost instabilities.

oL oL oL _ : 1 i () i
B—QS Ou (8(8;,;@)) + Oudy (()(d}udf o)) 0. ‘ (p2 + m%)(p S m2) m2 ml ( 24 mMQ + m%) .
(propagators)

One loophole to introduce higher derivative terms is that
equations of motion should be at most second order derivative ones.



- D(ie(i‘(fJainelta e? E;ll. 2009
GallleOn Nicolis et al. 2009
The theory has Galilean shift symmetry in flat space :

¢ — ¢+ c+ byt (Oup — Oud + bu)

f£ i

1 =9 5 (Oudyd)? = 0u0y$0"0" ¢,

Lo = (09) (8,000)3 = 8,0,08" 0P,
{ L3 = (0¢)7 O¢

Lo = (0¢)? |(0)* — (9udue)|
(L5 = (99)% [(D9)° = 3(0¢) (0u00)? + 2(9u009)°

Lagrangian has higher order derivatives, but EOM Is second order.

Is it possible to violate the NEC stably if one includes higher derivative terms ?



Galilean Genesis et

3
5= [d*v=g 1206200+ 2 f _(09)°

(In the flat spacetime limit, this theory has conformal symmetry S0O(4,2))

MER+ P (09)° +

® Energy-momentum tensor :

_ _cof 232 3F a4 o f 3
p o= =2 (42 - 254" - 6H 547,
. 1 f . .
p o= —f2 (AR - 2L+ 210%).
® A background solution, (t:-->0)
b 1 1 N ho -
CEAGCD S (““) T t>2)
_/\3 B 1 f3
(0235 o= auzns)
f3

4
~ — 0. i '
‘ p+Dp A3 (—t)% < (Actually, you can verify that H increases.)

( The NEC is violated !!)



Primordial density fluctuations

" Perturbed metric :

ds® = —(1 + 2a)dt? + 2a°9;Bdtdz" + a’eSdx?
Comoving gauge :

L ¢=29(), dp=0.

: 5.
- Sg?) — /dtd?’m a’> (gsC2 — a—zc,kc,k)

In order to avoid the ghost and gradient instabilities, Gs >0 & Fs > 0.

)\3
Gs = Fs 6Mgf3(—t)2 > 0.
( The NEC is violated stably 1)

N.B. @ Aspectator field like curvaton is responsible for primordial density
perturbations because the genesis field predicts too blue (ns ~3)
perturbations in this simple model.

® Primordial tensor perturbations are not generated at first order.
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(figure taken from Creminelli et al. 1007.0027)
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® In this scenario, the effective theory breaks around t ~ to = 0. So, It is
assumed that the energy density of the genesis field is converted to
radiation, in which hot Universe starts.

® Of course, this is not necessarily a fault of this scenario. A more
fundamental theory will be able to describe the transition adequately.
(See 1401.4024 written by Rubakov for good review)



From Genesis to inflation



From Genesis to Inflation e 2o

H

Ouant e EFT breaks down -> RD
uantum gravity\:

Inflation (quasi DS)

Genesis
—/

v
~+

® As a epoch before inflation (and the onset of the Universe), use of Galilean
Genesis is proposed by Pirtskhalava et al.

® Unfortunately, in their concrete construction, the gradient instabilities
appear during the transition from Genesis to inflation. They are dangerous
for large k modes even during short period because of . oIm(cs)kt



Horndeski 1974

Horndeski theory ooz

Kobayashi et al. 2011

Our concrete construction to realize such a scenario
In a healthy way is based on the recent development
beyond the Horndeski theory.

Horndeski theory (= Generalized Galileon) :

4 —
L3 = —fF3(¢, X)O,

{ Lo = a6 0R+ Gax [(08)% = (VuVi)?],
G;—,(qﬁ,X)p”VV”Vqu

—=Gsx[(96)% — 3(06) (Vu Vo) + 2 (V,Vu)7].

D
o1
|

This is the most general (single) scalar-tensor theory which yields
second-order (scalar and gravitational) equations of motion.

But, in order to avoid the Ostrogradski instabilities, this requirement can
be too strong. For this purpose, only time derivatives should be second order
while spacial ones can be higher.



- D(ie(i‘(f3<';1i3lselta e? él. 2009
Gallle()n Nicolis et al. 2009
The theory has Galilean shift symmetry in flat space :

¢ — ¢+ c+ byt (Oup — Oud + bu)

f£ i

1 =9 5 (Oudyd)? = 0u0y$0"0" ¢,

Lo = (09) (8,000)3 = 8,0,08" 0P,
{ L3 = (0¢)7 O¢

Lo = (0¢)? |(0)* — (9udue)|
(L5 = (99)% [(D9)° = 3(0¢) (0u00)? + 2(9u009)°

Lagrangian has higher order derivatives, but EOM Is second order.

Is it possible to violate the NEC stably if one includes higher derivative terms ?



Beyond Horndeski theory gz

ADM decomposition: 452 = — N24t2 + Vij (d:,r;i + N”:dt) (dmfi 4+ det)
(o= const surfaces)

- ¢ = qﬁ({;), X = q'bQ(t)/(QNQ) (¢ and X are functions of t and N.)

'

Horndeski theory (= Generalized Galileon) : [ 2 = x@.x.
L3 = —G3(¢. X)Uo,
= L4 = Ga(d, )R+ CGax [(0)% = (VuVui)?],
C ﬁN; La, '< f’; = G:(¢=X)G£L1/V#4éij£5
—E T Y )] 3_ 5] A 2 iV 3.
(L, = Ao(t, N), L Gsx [(T9)* = 3(09) (Vi Vi)” +2(V,V.0) ]

L3 = A3(t, N)K,
< La = A4(t,N) (K2 — K2) + Ba(t, N)R®),

L Ls = As(t,N) (K3 - 3KK7 + 2K7) + Bs(t, N) K" (Rz(f) - ;gin(?’)) .

WIth 4, =-B, - N2, As="0. Rij(3) : intrinsic curvature

OB, . NOBs { Kij : extrinsic curvature
ON’

Gleyzes et al. (GLPV) pointed out that, even if the above relation is absent,
the number of the propagating degrees of freedom remains unchanged.
Gao showed that further extension is possible.



Our setup
L= AN Lq

7
Ly = Ax(t, N),
L3z = A3(t,N)K,
Ly = Aa(t, N) (\ K2 — KZ) + Ba(t, N)R®,
Ls = As(t,N) (\2K> — 3\3K K7 + 2K

+B5(t, MK (R — g,

( The GLPV theory corresponds to the case with A1 =A2=A3=1.)

ds® = —N2dt? + v;; (da’ + N'dt) (dz? + Ndt)

-~ .
N = N(t)(1+dn), curvature perturbations

< N, = N(t)az'Xa/ tensor perturbations

’)/,U = a,2(t)e2C (eh i . (h'ii — h?ﬁj,j = O)

.



Perturbations

® Tensor perturbations :

2 gl Gr = —2A4—6(3)\3—2)AsH,
E%) — > he; — (8}%:,) ] { :_ 1dBs

8

® Curvature perturbations :

> > 4 F H o k2
£ = Na® {g & +c(fe8——%sa4) c] ) =0+

Us Gs a?
~ G e zg% 1 3G s = NA’2+%KQA5+2N2A§H
S = ©2 +3C T +3n4 (244 — 2N A}, + N24}) H?
4315 (645 — AN AL + N2AY) H3,
Fo = 1 i AS4%:1%) B _ WA’;( ) j . 9
< g = Nadi \©2 £ ¢ T, < © = 2 -2m (A -NAYH
—3ns (245 — NA5) H?,
e - G5C Ga = —2n4As— 6nsAsH.
S = 5 . Gy = 2(Ba+ NB,) - HNB,
. ©<+2C L C = (1-A1)As—(6+ 9% — 15X3)AsH.

(na := (321 —1)/2, 15 := (922 — 93 + 2)/2)
NB. @C=0forA1=22=23=1.

@ Even if Fs < 0 (with Gs > 0), the curvature perturbations
with large k are stabilized for Hs > 0.



Concrete example

( .
Ay = MIfF 2tV (@)an(N), e
. 3 ,—(2a+1) L3 = As(t, N)K,
Az = M t N 3 = A3l -
3 3f2 (t)az(N), e = st ) (VK2 — K2) + B, MR,
Ag = _Mé + MZf2%(t)as(N) Ls = As(t, N) (VK> = 3AsK K + 2K7)
2 ) +Bs(t, N)K'J (Rgf) . %g%—jR@)).
\A5 = Msf(t)as(N), (o> 0)
Background dynamics : £(%) = Na® (A + 3A3H + 614 A4 H? + 6ns AgH®) .
—& = (NAy) +3NALH + 6naN2(N—144) H? + 6n5sN3(N—245)'H® = 0,
d
P = AQ — 6T]4A4H2 — 12?75A5H3 _— %@ (A3 = 4?’]4A4H == 6?75A5H2) =0
. . . (" := d/dN)
® Genesis phase (t<t0): f(t) ~ fot (fo = const < 0)
N ~ Ng (= const) with a>(Ng) + Noas(Ng) = 0.
. D No —(2a+1) 1
H = -— : ~N
=2 2@a+ Dnadi3 ol (—e2aF T
a == ﬁ Ngf_Qa ~ 4 3 f:O
¢ 4a(2a 4 1)naMZ f& ' (p = M3a2(No) + (2o + 1)M3a3(NO)fO)

(The background dynamics a =1 coincides with that of the original Genesis model.)



Concrete example |1

® Inflationary phase (tend >t >t0) : f(¢) ~ f1 (= const)

- {N ~ Nijnf (= const),

H =~ Hjyr (= const).

—& = (NmfAQ) + 3N|an3H|nf + 6774N|nf(Nmf A4) Hmf
with +6W5Nmf(Nmf As)'H =0,
P = Ap—6nsA4Hjc — 12n5AsHpe = O.

N.B. A weak time dependence of f(t) yields slight deviation from exact DS.

® Gracefulexit(t >tend) : f(t) ~ ¢1/(at1)

N =~ Ne (= const),
- H? ~ 1/t°~ f_z(a_l_l) x 1/a™ (m := 3Neab/(Neas)' > O).

—& = (NeAy)' 4+ 3naMZH? 4+ o(f~Bat2)) =0,
G

with
20 M2 dH

P = Ap+3mMEH? + ——G= 4 o(s~GetD) = o.
Z




Numerical calculations

From Genesis to inflation :

8) = %{t ~In[2 COSSh(St)]} L

| fot for t < tg
f(t)—{ £, for t> tg

fo=-10"1 f1 =10, s=2x1073 ~¢5*

0.004 T . ' x . ' 0.5 r : : :
aj
(a) Ul'i- f -
o.003f = ol J
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FIG. 2: The background evolution of the Hubble parameter F[(3, 3; The sound speed squared Fs/Cs {(a) and the coeffi-
H (a) and the lapse function N (b) around the genesis-de gient of & (eivided by G=) (b around the genesis-de Sitter
Sitter transition. transition.
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During short period,

Fs becomes negative.
But, the perturbations
for large k are stabilized
thanks to the k# terms.

The perturbations

for small k grow during
the short period, but
the growth is mild and
finite.



Perturbations

® Tensor perturbations :

2 gl Gr = —2A4—6(3)\3—2)AsH,
E%) — > he; — (8}%:,) ] { :_ 1dBs

8

® Curvature perturbations :

> > 4 F H o k2
£ = Na® {g & +c(fe8——%sa4) c] ) =0+

Us Gs a?
~ G e zg% 1 3G s = NA’2+%KQA5+2N2A§H
S = ©2 +3C T +3n4 (244 — 2N A}, + N24}) H?
4315 (645 — AN AL + N2AY) H3,
Fo = 1 i AS4%:1%) B _ WA’;( ) j . 9
< g = Nadi \©2 £ ¢ T, < © = 2 -2m (A -NAYH
—3ns (245 — NA5) H?,
e - G5C Ga = —2n4As— 6nsAsH.
S = 5 . Gy = 2(Ba+ NB,) - HNB,
. ©<+2C L C = (1-A1)As—(6+ 9% — 15X3)AsH.

(na := (321 —1)/2, 15 := (922 — 93 + 2)/2)
NB. @C=0forA1=22=23=1.

@ Even if Fs < 0 (with Gs > 0), the curvature perturbations
with large k are stabilized for Hs > 0.



Conclusions

® \\Ve constructed a concrete example from Galilean Genesis
to inflationary phase followed by graceful exit, based on the
recent development beyond the Horndeski theory.

® The sound velocities squared (or Fs) during the transition
from Genesis to inflation becomes negative for a short period.

® But thanks to a non-trivial dispersion relation coming from
the fourth order derivative term in the quadratic action,
modes with higher k are completely stable and the growth of
perturbations with smaller k is finite and controllable.

® Our model can describe a Genesis scenario with graceful exit
(without inflationary phase), in which no (first order)
primordial tensor perturbations are produced. The
detection or non-detection of primordial tensor perturbations
may discriminate Genesis scenarios with or without inflation.



Numerical calculations (parameters)

f

b Ay = MZf2tD($)ar(N),
L3z = Az(t, N)K, . 3 —(2a+1)
Ls = As(t,N) (A\2K> — 3\ 3K K7 + 2K3) Ay = _% + MZf72%(t)asq(N),
i (p(3 _1  53)
\ +Bs(t, N)K (Rij SoiiR ) . | As = Msf(t)as(N),

From Genesis to inflation :

e = J;_O{t ~In[2 cossh(.st)]}

+ f1,

fo=-10"1 f1 =10 s=2x10"3~¢5!

1 N7 7y
N2+3]\?4a a3z = —= a’4=a’5=02

N3’
B4 = M2/2, Bs=0.

as — —

Mg = My = M3 =1,
a=1 A =14+10"3 Nyg=1, ~=10.



agrangian

Why does Lagrangian generally depend on only
a position g and its velocity dot{q} ?

Newton recognized that an acceleration, which is given by

the second time derivative of a position, is related to the Force :
m@ = F (x,x)

dt2 e

The Euler-Lagrange equation gives an equation of motion up to the
second time derivative if a Lagrangian is given by L = L(qg,dot{q},t).

OL d [OL e .
— -1 =0, = ¢=4q(q,9) = q()=0Q(90,9:,1%).
dq dt \ Oq

(if »p:= g—g’ depends on dot{q} < non-degenerate condition.)

What happens if Lagrangian depends on
higher derivative terms ?



Ostrogradski’s theorem

Assume that L = L(q, dot{q},ddot{q}) and (Zéf depends on ddot{q} :

(Non-degeneracy)

2
8_L_g(8_;)_|_d (Mf)=0, — (](4):(](4)((3)QQQ>

dq dt \ Oq d2t \ ¢
r oL doOL
] ] Q1 :=q, P13=?—a?,
Canonical variables : < of q
Q2:i=gq, Py:= 57
~ q
Non-degeneracy < there is a function a=a(Q1,Q2,P2) such that = = Ps.

9 |4=Q,.4=Qa.ii=a

Hamiltonian: H(Qq,Q-, P, P>) = Pig+ P>ij— L
= P1Q2+ Pa(Q1,Q2, P2) — L(Q1,Q2,a(Q1,Q2, P2)).

. . . . . aH } dH
These canonical variables really satisfy the canonical EOM : @i = o B= T 20,

P1 depends linearly on H so that no system of this form can be stable !!



From Genesis to Inflation srseasaca o
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Figure 1. A sketch of the early universe’s expansion rate as a function of time for the standard

slow-roll inflation (black), as well as original (red) and extended (blue) genesis scenarios.
(figure taken from Pirtskhalava et al. 1410.0882)

® As a epoch before inflation (and the onset of the Universe), use of Galilean
Genesis is proposed by Pirtskhalava et al.

® Unfortunately, in their concrete construction, the gradient instabilities
appear during a short period of the transition from Genesis to inflation.



Numerical calculations

From Genesis to inflation : .
= M3 2D (t)an(N),

f(t) = %O{t— '”[QCOSh(St)]} + f1. 1% = M§’f2‘<2a+1>(t>a3(m,
i = MG 4 M2 as(),

S S
W N
||

>
o
|

fo=-1071 f1=10, s=2x103 =151 |45 = MeF(as(V),
oo “ “{  During short period,
6 o // Fs becomes negative.
1 i i But, the perturbations
| { for large k are stabilized
:t s gl o— @‘ thanks to the k4 terms.
. s | The perturbations
S { for small k grow during
_ | { the short period, but
S ST % the growth is mild and

finite.

FIG. 2: The background evolution of the Hubble parameter F[(3, 3; The sound speed squared Fs/Cs {(a) and the coeffi-
H (a) and the lapse function N (b) around the genesis-de gient of & (eivided by G=) (b around the genesis-de Sitter
Sitter transition. transition.
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